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year 1920 is so far ahead that it is to be hoped that before it arrives group 
theory may have made sufficient progress to determine all the groups of this 
order by means of general theorems. It need scarcely be added that most 
of the results given above are special cases of general theorems which were 
not mentioned in every case, since the direct proofs are so evident. 



NOTE ON THE GENERAL QUARTIC. 



By H. E. GRABEK, A. M., Heidelberg University, Tiffin, Ohio. 



The general quartic equation 

(1) <k(x) =a x* +a 1 x a +atX 2 +a3X+a±=0, 
where the coefficients are all real, can be reduced to the form 

(2) <l>(x)=ax 4 ' + bx i +c--=0, 

by the following method. 

Suppose the quartic resolved into the factors: 

(a 1 « 2 + 6ia;+c 1 ) and (a 2 « 2 +6 2 a;+c 2 ). 
Then effect the rational bilinear transformation x= ,. , obtaining 

Hx) -[ (y+iV + v+i +Cl JL fo+D' + -7+T- + c *J-°- 

In this expression <* and P may be chosen so that the coefficients of the first 
powers of y shall be zero, after clearing of fractions. 

The values of « and P fulfilling this condition are easily found to de- 
pend upon 

(3) a/ 9= 6 ' c 2~ 6 * c - , (4) «+P=2 at l 1 ~ ai t t . 
That « and P are real, is determined from the equation 
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(5) < 8 +2 fc^-a.cs) f + 6.0,-6,01 ^ 

(,ai0 8 — a^bt) a l o 2 —a 2 0\ 

by means of the discriminant relation 

(6) A B [2j«^_-z^ f )] 2 _ 4 r &tc a -& g c 1 -| 

_ 4[(a 8 ci-aic a ) 2 — (6,c 2 — 6 a ct)(ai68— a 2 6,)] 
(a 1 6 3 -a 2 6,) 8 

If v u w u and v 2 , w 2 are the two pairs of roots of the quartic, we may as- 
sume, without loss of generality, that v 1 is greater than either v 2 orw 5 and 
w, is greater than either v 2 or w 2 . From the two quadratic factors whose 
roots are, respectively, v it w u and v 2 , w s , we obtain 

(7) -=v t +w u —=v y W\, -=Vt +w 2 , and — 1 =v. i w 2 , 

v a, a t a 2 a 2 

and these values substituted in the discriminant give for the determinations 
of its signs, 

(8) a x i al(v\— v 2 ) (v 1 —w 2 )(w 1 —v 2 )(wi—w 2 ) 

=(a i c ] -a l c 2 ) 2 — (b 1 c 2 —b i c l )(a i b 2 -a. 2 b 1 ). 

If all the roots are real it is evident from (8) that the discriminant is 
positive. Likewise, if two roots are real and two imaginary, and also if all 
four roots are imaginary, the discriminant is seen to be positive, the conju- 
gate pairs being, v u w u and v t , w 2 . Hence, (5) has real roots, and conse- 
quently o. and /? are real. 

h h 

In the exceptional case where — L = — -, the substitution 

ai a 2 ' 

6, b 2 



2«! " 2a 2 ' 

gives directly <l>(x)=A 1 y' t +A 2 y i +A 3 , where A t , A 2 , -A a arereal constants. 
Finally, from (3), (4) and (7), 

/0\ a p == (v»+W i )ViWi—VtW 2 (Vi+W,) 



(Di+wJ- (v 2 +w 2 ) 
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(10) 



and a-hs= 



2v 1 w 1 —2v 2 w i 
(Vt+W\) — (vt+w 2 y 



From these equations it is easily seen that 

2ap-(a+i3)( Vt + Wl )=-2v>w l , 
and 2<* P— (<*+P) (v 2 +w 2 )=—2v i w. l . 

But these are the characteristic equations for harmonic pairs. Therefore, 
the pair <*, /? is harmonic with respect to the pairs v u w 1 and v t , w 2 . 



ANOTHER WAY TO GENERATE THE CYCLOID. 



By H. 9CHAPPER, Fayetterille. Ark. 



Consider a point describing a simple harmonic motion along the diam- 
eter of a uniformly rolling circle, and let both motions begin simultaneously. 
If r be the radius of the circle, and « the angle of rolling, and if a complete 
unrolling of the circle correspond to a full period of the simple harmonic 
motion, then we get 



s=r(l— cosO 

as the equation for the simple harmonic motion. 
From the figure we see that 



x =r(s— sin «) +r(l— cos «)sin «, 
y=r(l— cos +r(l— cos «)cos «. 



After an easy reduction we get 

x=r(e— £sin2«), 2/=rsin ? e. 
These equations may be written in the following way, or 




or 



x=-2-(2s-sin2e), y =—(i— CO s2 0, 
x—R(<l>- sin <r>), 2/=i?(l— cos<£), 



